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Abstract
In this paper, we introduce the concept of polar fuzzy sets on fuzzy dual spaces.
Using the notion of polar fuzzy sets, we define polar linear fuzzy topologies on
fuzzy dual spaces and prove the Mackey-Arens type Theorem on fuzzy topological
vector spaces.
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1 Introduction
Katsaras and Liu defined the notion of fuzzy topological vector space in [9]. Later,
Katsaras changed the definition of fuzzy topological vector space in [10] and he con-
sidered the linear fuzzy topology on the scalar field K, which consists of all lower
semi-continuous functions from K into I = [0, 1]. Also, Katsaras [11] investigated the
concepts of fuzzy norm and fuzzy seminorm on vector spaces. After then, many authors
such as, Cheng and Mordeson [2], Felbin [8], Bag and Samanta [1], and so on started
to introduce the notion of fuzzy normed linear space. Later, Xiao and Zhu [14], Fang
[7], Daraby et. al. ([3], [4]) redefined the notion of Felbin’s [8] definition of fuzzy norm
and studied some properties of its topological structure. Das [5] introduced a fuzzy
topology generated by fuzzy norm and studied some properties of this topology. Fang
[7] introduced a new I-topology T ∗‖.‖ on the fuzzy normed vector space using the notion
of fuzzy norm.
The Mackey-Arens Theorem has an important role in the theory of convex spaces.
For proving this theorem in fuzzy topological vector spaces, we need to extend the
concept of polar sets to fuzzy topological vector spaces. In this paper, at the first,
we define the polar fuzzy sets and then introduce the concept of polar fuzzy topology.
Finally, we prove the Mackey-Arens type Theorem in fuzzy topological vector spaces.
1
22 Preliminaries
Let X be a non-empty set. A fuzzy set in X is a function from X into I.
Definition 2.1. [5] Let X and Y be any two non-empty sets, f : X → Y be a mapping
and µ be a fuzzy subset of X . Then f(µ) is a fuzzy subset of Y defined by
f(µ)(y) =
{
supx∈f−1(y) µ(x) f
−1(y) 6= ∅,
0 else,
for all y ∈ Y , where f−1(y) = {x : f(x) = y}. If η is a fuzzy subset of Y , then the
fuzzy subset f−1(η) of X is defined by f−1(η)(x) = η(f(x)) for all x ∈ X .
Definition 2.2. [10] A fuzzy topology on a set X is a subset τf of I
X satisfying the
following conditions:
(i) τf contains every constant fuzzy set in X ,
(ii) if µ1, µ2 ∈ τf , then µ1 ∧ µ2 ∈ τf ,
(iii) if µi ∈ τf for each i ∈ A, then supi∈A µi ∈ τf .
The pair (X, τf) is called a fuzzy topological space.
The elements of τf are called fuzzy open sets in X .
Definition 2.3. [5] A fuzzy topological space (X, τf ) is said to be fuzzy Hausdorff if
for x, y ∈ X and x 6= y there exist η, β ∈ τf with η(x) = β(y) = 1 and η ∧ β = 0.
A mapping f from a fuzzy topological space X into a fuzzy topological space Y is
called fuzzy continuous if f−1(µ) is fuzzy open in X for each fuzzy open set µ in Y .
Suppose X is a fuzzy topological space and x ∈ X . A fuzzy set µ in X is called a
neighborhood of x ∈ X if there is a fuzzy open set η with η ≤ µ and η(x) = µ(x) > 0.
Warren [13] has proved that a fuzzy set µ in X is fuzzy open if and only if µ is a
neighborhood of x for each x ∈ X with µ(x) > 0. The collection O of fuzzy sets is
called a fuzzy open covering of µ when µ ≤ supν∈O ν. The fuzzy set µ is called fuzzy
compact if any fuzzy open covering of µ has finite subcovering.
Definition 2.4. [5] If µ1 and µ2 are two fuzzy subsets of a vector space E, then the
fuzzy set µ1 + µ2 is defined by
(µ1 + µ2)(x) = sup
x=x1+x2
(µ1(x1) ∧ µ2(x2)).
If t ∈ K, we define the fuzzy sets µ1 × µ2 and tµ as follows:
(µ1 × µ2)(x1, x2) = min{µ1(x1), µ2(x2)}
and
3(i) for t 6= 0, (tµ)(x) = µ(x
t
) for all x ∈ E,
(ii) for t = 0, (tµ)(x) =
{
0 x 6= 0,
supy∈E µ(y) x = 0.
A fuzzy set µ in vector space E is called balanced if tµ ≤ µ for each scalar t with
|t| ≤ 1. As is shown in [9], µ is balanced if and only if µ(tx) ≥ µ(x) for each x ∈ E
and each scalar t with |t| ≤ 1. Also, when µ is balanced, we have µ(0) ≥ µ(x) for each
x ∈ E. The fuzzy set µ is called absorbing if and only if supt>0 tµ = 1. Then a fuzzy
set µ is absorbing whenever µ(0) = 1. We shall say that the fuzzy set µ is convex if
and only if for all t ∈ I, tµ + (1− t)µ ≤ µ, [10]. Also a fuzzy set µ is called absolutely
convex if it is balanced and convex.
Definition 2.5. [6] A fuzzy topology τf on a vector space E is said to be a fuzzy linear
topology, if the two mappings
f : E × E → E, (x, y)→ x+ y,
g : K× E → E, (t, x)→ tx,
are continuous when K is equipped with the fuzzy topology induced by the usual topol-
ogy, E ×E and K×E are the corresponding product fuzzy topologies. A vector space
E with a fuzzy linear topology τf , denoted by the pair (E, τf) is called fuzzy topological
vector space (abbreviated to FTVS).
Definition 2.6. [10] Let (E, τf) be a fuzzy topological vector space, the collection
ν ⊂ τf of neighborhoods of zero is a local base whenever for each neighborhood µ of
zero and each θ ∈ (0, µ(0)) there is γ ∈ ν such that γ ≤ µ and γ(0) > θ.
Definition 2.7. [11] A fuzzy seminorm on E is a fuzzy set µ in E which is absolutely
convex and absorbing.
We say that a fuzzy set µ, in a vector space E, absorbs a fuzzy set η if µ(0) > 0 and
for every θ < µ(0) there exists t > 0 such that θ ∧ (tη) ≤ µ. A fuzzy set µ in a fuzzy
linear space E is called bounded if it is absorbed by every neighborhood of zero. Let
(E, τ) be a topological vector space. Then the collection of all lower semicontinuous
functions from E in to [0, 1] is a fuzzy linear topology on E denoted by w(τ).
Proposition 2.8. Let (E, τf) be a fuzzy topological vector space. Then there is a linear
topology τ on E such that τf = w(τ).
Proof. Let F = {µ−1(r, 1] : r ∈ (0, 1] and µ ∈ τf}. Now suppose τ is the linear topology
on E which is generated by F . It is clear that each µ ∈ τf is lower semicontinuous on
(E, τ). Therefore, we have τf = w(τ).
In [12], the concept of dual pair defined as follows:
We call (E,E ′) a dual pair, whenever E and E ′ are two vector spaces over the same K
scaler field and 〈x, x′〉 is a bilinear form on E and E ′ satisfying the following conditions:
4(D) For each x 6= 0 in E, there is x′ ∈ E ′ such that 〈x, x′〉 6= 0.
(D′) For each x′ 6= 0 in E ′ there is x ∈ E such that 〈x, x′〉 6= 0.
Let (E,E ′) be a dual pair. We denote by σf (E,E
′), the weakest linear fuzzy topology on
E which make all x′ ∈ E ′ fuzzy continuous as linear functionals from E into (K, w(τ)),
where τ is the usual topology on K. We call σf (E,E
′), the weak fuzzy topology.
Lemma 2.9. Let (E,E ′) be a dual pair. If we consider the usual fuzzy topology ω(τ)
on K, then
σf (E,E
′) = ω(σ(E,E ′)),
where σ(E,E ′) usual weak topology on E.
Proof. It is enough to show that for f1, f2, · · · , fn ∈ E
′ and µ1, µ2, · · · , µn ∈ ω(τ)
the fuzzy set
∧n
i=1 f
−1
i (µi) is lower semi-continuous on E with respect to the topology
σ(E,E ′). Since µi ∈ ω(τ) for i = 1, 2, · · · , n, then µi : K → I are lower semi-continuous.
Also
fi : (E, σ(E,E
′))→ K
is continuous and then is lower semi-continuous. Then µi ◦ fi is lower semi-continuous
for each i = 1, 2, · · · , n. Then
n∧
i=1
f−1i (µi) =
n∧
i=1
µi ◦ fi
is lower semi-continuous on (E, σ(E,E ′)) for each i = 1, 2, · · · , n.
Let E be a vector space and µ ∈ IE. The θ-level set of µ defined by
[µ]θ = {x ∈ E : µ(x) ≥ θ},
where 0 < θ ≤ 1. It is clear that for θ1, θ2 ∈ (0, 1] with θ1 < θ2 we have [µ]θ1 ⊇ [µ]θ2.
Therefore {[µ]θ : θ ∈ (0, 1]} is a decreasing collection of subsets of E.
Proposition 2.10. Let (E, τf ) be a fuzzy topological vector space and τf = w(τ). Then
the followings hold.
(a) the fuzzy set µ ∈ IE is fuzzy compact if and only if and if [µ]θ is compact in (E, τ)
for each 0 < θ ≤ 1,
(b) the fuzzy set µ ∈ IE is fuzzy closed if and only if and if [µ]θ is closed in (E, τ) for
each 0 < θ ≤ 1,
(c) the fuzzy set µ ∈ IE is fuzzy absolutely convex if and only if and if [µ]θ is absolutely
convex in (E, τ) for each 0 < θ ≤ 1.
5Proof. For (a), let µ ∈ IE is fuzzy compact and 0 < θ ≤ 1. Suppose {Aj}α∈j be an open
covering of [µ]θ. Without loss of generality, we can suppose Aj = ν
−1
j (rj, 1], were νj ∈ τf
and rj ∈ (0, 1]. Therefore if µ(x) ≥ θ then ν
−1
j (x) > rj . Then µ ≤ supj∈T νj . Now since
µ ∈ IE is fuzzy compact, there is j1, · · · , jn ∈ T such that µ < supi∈{1,··· ,n} νji. This
shows that [µ]θ ⊆
⋃
i∈{1,··· ,n}Aji. Then [µ]θ is compact in τ . Similarly, the converse
holds.
For (b), let µ ∈ IE is fuzzy closed. Then 1 − µ is fuzzy open. This shows that
(1 − µ)−1(θ, 1] is open in τ for each 0 < θ ≤ 1. Thus E \ ((1 − µ)−1(θ, 1]) = [µ]1−θ is
closed in τ . Since θ is arbitrary, then [µ]θ is closed. The converse is similar.
The assertion (c) is clear.
3 Polar fuzzy sets
In this section, we introduce the concept of polar for fuzzy sets using θ-level sets and
investigate their properties.
Let (E,E ′) be a dual pair. For the non-empty subset A of E its polar A◦ defined
by:
A◦ = {x′ ∈ E ′ : sup
x∈A
|〈x, x′〉| ≤ 1}.
Definition 3.1. Let (E,E ′) be a dual pair, µ ∈ IE. For x′ ∈ E ′ and µ ∈ IE, we set
Aµ,x′ = {θ ∈ (0, 1] : x
′ ∈ [µ]◦1−θ}. For µ 6= 0, we define the fuzzy set µ
◦ on E ′ as follows:
µ◦(x′) =
{
supAµ,x′ , Aµ,x′ 6= ∅,
0, Aµ,x′ = ∅,
and call it the fuzzy polar of µ in E.
Remark 3.2. We note that if µ = 1, then for θ ∈ (0, 1] we have [µ]1−θ = E. Therefore
[µ]◦1−θ = E
◦ = {0}. This shows that for x′ 6= 0, Aµ,x′ = ∅. Then µ
◦(x′) = 0 but clearly
we have µ◦(0) = 1.
Lemma 3.3. Let (E,E ′) be a dual pair and µ ∈ IE. Then we have
µ◦ = sup
θ∈(0,1]
θ ∧ χ
[µ]◦
1−θ
.
Proof. The proof is clear.
Proposition 3.4. Let (E,E ′) be a dual pair and µ ∈ IE. Then [µ◦]θ = [µ]
◦
1−θ.
Proof. Suppose that x′ ∈ [µ◦]θ for θ ∈ (0, 1]. Then µ
◦(x′) ≥ θ. This shows that
sup{α : x′ ∈ [µ]◦1−α} ≥ θ. Then there is α ∈ (0, 1] such that x
′ ∈ [µ]◦1−α and α ≥ θ.
Since 1−α ≤ 1− θ, we have [µ]1−θ ⊆ [µ]1−α and then [µ]
◦
1−α ⊆ [µ]
◦
1−θ. This shows that
x′ ∈ [µ]◦1−θ. Similarly, one can prove that [µ]
◦
1−θ ⊆ [µ
◦]θ. Therefore [µ
◦]θ = [µ]
◦
1−θ.
6Proposition 3.5. Let (E,E ′) be a dual pair. Then the fuzzy polars in E ′ have the
following property.
(a) If µ ≤ ρ, then ρ◦ ≥ µ◦.
(b) If λ 6= 0, then (λµ)◦ =
1
|λ|
µ◦.
(c) (
∨
j∈T µj)
◦ =
∧
j∈T (µj)
◦.
(d) If B ⊆ E, then (χ
B
)◦ = χ
B◦
.
(e) µ◦ is absolutely convex.
Proof. For (a), suppose µ ≤ ρ. Then for x ∈ E with µ(x) ≥ θ, we have ρ(x) ≥ θ. This
shows that [µ]θ ⊆ [ρ]θ for each θ ∈ (0, 1]. Therefore [µ]
◦
1−θ ⊇ [ρ]
◦
1−θ. This implies that
Aρ,x′ ⊆ Aµ,x′ for each x
′ ∈ E ′. Therefor µ◦(x′) = supAµ,x′ ≤ supAρ,x′ = ρ
◦(x′).
For (b), let λ 6= 0. For x′ ∈ E ′, suppose Aλµ,x′ 6= ∅. We have
(λµ)◦(x′) = supAλµ,x′
= sup{θ ∈ (0, 1] : x′ ∈ [λµ]◦1−θ}
= sup{θ ∈ (0, 1] : x′ ∈ (λ[µ]1−θ)
◦}
= sup{θ ∈ (0, 1] : x′ ∈
1
|λ|
([µ]1−θ)
◦}
= sup{θ ∈ (0, 1] : |λ|x′ ∈ ([µ]1−θ)
◦}
= µ◦(|λ|x′) =
1
|λ|
µ◦(x′).
For (c), let for each j ∈ T, µj ∈ I
E we have
(
∨
j∈T
µj)
◦(x′) = supA∨
j∈T µj,x
′
= sup{θ ∈ (0, 1] : x′ ∈ (
⋃
j∈T
[µj]1−θ)
◦}
= sup{θ ∈ (0, 1] : x′ ∈
⋂
j∈T
([µj ]1−θ)
◦}
=
∧
j∈T
(µj)
◦(x′).
For (d), let B ⊆ E and B 6= ∅. Then we have
(χ
B
)◦(x′) = supA
χ
B
,x′
= sup{θ : x′ ∈ [µ]◦1−θ = B
◦}
= χ
B◦
.
7For (e), firstly we prove that µ◦ is balanced. So it is enough to show that µ◦(tx′) ≥ µ◦(x′)
for all x′ ∈ E and t ∈ R with |t| ≤ 1. We have
µ◦(tx′) = supAµ,tx′
= sup{θ ∈ (0, 1] : tx′ ∈ [µ]◦1−θ}
= sup{θ ∈ (0, 1] : x′ ∈ (t[µ]1−θ)
◦}
= sup{θ ∈ (0, 1] : x′ ∈ [tµ]◦1−θ}
= supAtµ,x′
= (tµ)◦(x′)
=
1
|t|
µ◦(x′)
≥ 1× µ◦(x′) = µ◦(x′).
The convexity of µ◦ is obvious, since [µ]◦1−θ is a convex set for each θ ∈ (0, 1].
Theorem 3.6. If (E, τf ) is a Hausdorff locally convex fuzzy topological vector space
and µ is a fuzzy neighborhood of origin, then µ◦ is σf (E
′, E)-compact.
Proof. We have σf (E
′, E) = w(σ(E ′, E)) by Lemma 2.9. Since for each 0 < θ ≤ 1, so
the subset [µ◦]θ = [µ]
◦
1−θ of E
′ is σ(E ′, E)-compact, Proposition 2.10 implies that µ◦ is
σf(E
′, E)-compact.
Proposition 3.7. If (E, τf ) is a Hausdorff locally convex fuzzy topological vector space
and µ is a closed absolutely convex fuzzy set in E, then µ◦◦ = µ.
Proof. Let E ′ be the fuzzy dual of E. For x ∈ E, we have
µ◦◦(x) = sup{θ : x ∈ [µ◦]◦1−θ}
Let τf = w(τ). Since µ is fuzzy closed and absolutely convex, so by Proposition 2.10
[µ]θ is closed and absolutely convex with respect to τ . Then, we have
[µ◦]◦1−θ = ([µ]
◦
θ)
◦ = [µ]◦◦θ = [µ]θ.
This shows that
µ◦◦(x) = sup{θ : x ∈ [µ◦]◦1−θ} = sup{θ : x ∈ [µ]
◦◦
θ } = sup{θ : x ∈ [µ]θ} = µ(x).
Corollary 3.8. Let E be a vector space and µ ∈ IE. Then we have µ ≤ µ◦◦.
Proposition 3.9. Let (E, τf) be a locally convex fuzzy topological vector space. If V is
neighborhood base for zero in E then E ′f =
⋃
µ∈ν Eµ, where Eµ = {x ∈ E
∗; µ◦(x) > 0}
8Proof. Let x′ ∈ E∗. The linear functional x′ is fuzzy continuous on E if there is µ ∈ V
such that
x′(µ) ≤ χ
H
, H = [−1, 1].
Then x′(µ)(z) ≤ χ
H
(z) for each z ∈ R. This shows that
sup
x′(y)=z
µ(y) ≤ χ
H
(z).
Or equivalently, for each y ∈ E with x′(y) = z,
µ(y) ≤ χ
H
(z)
= χ
H
(x′(y))
= χ
H
(〈y, x′〉).
If µ(x) ≥ 1 − θ for some θ ∈ (0, 1], then χ
H
(〈x, x′〉) ≥ 1 − θ. Then χ
H
(〈x, x′〉) = 1 or
|〈x, x′〉| ≤ 1. This shows that x′ ∈ [µ]◦1−θ. Then µ
◦(x′) ≥ θ > 0 and x′ ∈ Eµ.
Let (E, τf ) be a fuzzy topological vector space. The fuzzy closure of the fuzzy set
µ is the smallest closed fuzzy set which contains µ. Also, the convex envelope and
absolutely convex envelope of µ are the smallest convex and absolutely convex fuzzy
sets which contains µ, respectively.
We denote the fuzzy closure, convex envelope and absolutely convex envelope of the
fuzzy set µ, by µf , co(µ) and aco(µ), respectively.
Lemma 3.10. The fuzzy closure, convex envelope and absolutely convex envelope of a
bounded fuzzy set is bounded.
Proof. Let (E, τf ) be a FTVS. Let V be a base of fuzzy closed absolutely convex neigh-
borhoods of zero. If µ ∈ IE is bounded and ϕ ∈ V, then for θ ∈ (0, ϕ(0)) there is t > 0
such that θ ∧ (tµ) ≤ ϕ. Since ϕ is fuzzy closed, convex and absolutely convex, so we
have
θ ∧ (tµf) ≤ ϕf = ϕ,
θ ∧ (t(co(µ))) ≤ co(ϕ) = ϕ,
and
θ ∧ (t(aco(µ)) ≤ aco(ϕ) = ϕ.
Proposition 3.11. The image of a bounded fuzzy set under a fuzzy continuous linear
operator is bounded.
Proof. Let (E, τf) and (F, τ
′
f) be fuzzy topological vector spaces and T : E → F be
a fuzzy continuous linear operator. Then for each fuzzy neighborhood ϕ ∈ τ ′f of zero,
there is fuzzy neighborhood µ ∈ τf such that T (µ) ≤ ϕ. Now, let η be a fuzzy bounded
set in E. Then for each θ ∈ (0, µ(0)), there is t > 0 such that θ ∧ (tη) ≤ µ. This shows
that
θ ∧ (tT (η)) ≤ T (µ) ≤ ϕ.
Therefor T (η) is bounded in (F, τ ′f).
9Theorem 3.12. If a locally convex fuzzy topological vector space has a bounded zero
neighborhood, then it is Katsaras seminormable.
Proof. Let (E, τf) be locally convex fuzzy topological vector space and ϑ be a fuzzy
bounded neighborhood of zero. We set µ = aco(ϑ). Then µ is absolutely convex
and bounded. Since µ is fuzzy bounded, for each neighborhood S of zero and each
θ ∈ (0, µ(0)) there is t > 0 such that
θ ∧ tµ ≤ S.
This shows that F = {θ ∧ tµ : t > 0, 0 ≤ θ < 1} is a neighborhood base at zero. Then
(E, τf) is a Katsaras seminormable.
4 Polar fuzzy topologies
Let (E,E ′) be a dual pair and B be a collection of weakly fuzzy bounded subsets of E
satisfying the following conditions:
(c1) If µ ∈ B and ϕ ∈ B, then there is S ∈ B such that µ ∨ ϕ < S.
(c2) If µ ∈ B, then tµ ∈ B for each t ∈ R.
(c3) For each x ∈ E, there is µ ∈ B such that µ(x) > 0.
Then the polars of the elements of B i.e. B◦ = {µ◦ : µ ∈ B} form a neighborhood base
at zero for a linear fuzzy topology on E ′, namely the polar fuzzy topology. Let (E,E ′)
be a dual pair. If B is the collection of all weakly bounded fuzzy subsets of E, then
the corresponding polar fuzzy topology is the finest polar fuzzy topology on E ′ which
is denoted by βf(E,E
′).
Example 4.1. Let (E,E ′) be a dual pair. Also, suppose B is the collection of all the
fuzzy sets Aλ defined as follows: for the finite subset A ⊂ E, and 0 < λ ≤ 1 we set
Aλ : E → I
Aλ(x) =
{
λ x ∈ A,
0 else.
Then the collection B satisfies the conditions (c1), (c2) and (c3). For (c1), let Aλ, Bγ ∈ B,
we set C = A∪B and α = max{λ, γ}. Then we have Aλ∨Bγ ≤ Cα. For (c2), let Aλ ∈ B
10
and t ∈ R. We set B = tA. Now, we have
(tAλ)(x) = Aλ(
x
t
)
=
{
λ x
t
∈ A
0 else
=
{
λ x ∈ tA
0 else
=
{
λ x ∈ B
0 else
= Bλ(x).
For (c3), let x ∈ E. Then χA ∈ B where A = {x} and we have χA(x) = 1. Hence the
collection B◦ = {µ◦ : µ ∈ B} is a base at zero for a linear fuzzy topology. We have
(Aλ)
◦(x′) = supAAλ,x′ = λ ∧ χA◦ (x
′).
So the polar fuzzy topology is generated by fuzzy seminorms χ
A◦
in this case.
Theorem 4.2. Let (E,E ′) be dual pair. Then the following statements hold:
(a) any polar fuzzy topology is finer than the weak fuzzy topology σf (E
′, E),
(b) any polar fuzzy topology is fuzzy Hausdorff.
Proof. Let B be a collection of fuzzy sets of E which have the properties (a), (b) and
(c) and τp be the polar fuzzy topology on E
′. Firstly, we prove that each x ∈ E is
continuous on E ′. The condition (c3) shows that there is µ ∈ B such that µ(x) > 0.
Therefore µ◦◦(x) ≥ µ(x) > 0 by Corollary 3.8. Now, Proposition 3.9 shows that
x ∈ (E ′)′. Then each x ∈ E is fuzzy continuous on E ′. Now, since σf (E
′, E) is the
weakest fuzzy topology on E ′ which make each x ∈ E continuous, we have
σf (E
′, E) ⊂ τp.
Also, since σf (E
′, E) is fuzzy Hausdorff, then τp is fuzzy Hausdorff.
Theorem 4.3 (Mackey-Arens type Theorem). Let (E,E ′) be dual pair and under the
linear fuzzy topology τf E be a fuzzy Hausdorff locally convex space. Then E has dual
E ′ if and only if τf is the polar fuzzy topology on a collection of σf (E
′, E)-compact fuzzy
subsets of E ′.
Proof. Let E has dual E ′ under the linear fuzzy topology τf and V be a base of fuzzy
closed neighborhoods of zero. For each ν ∈ V, we have ν◦◦ = ν by Proposition 3.7.
This shows that τf is the polar fuzzy topology on the collection {ν
◦ : ν ∈ V}. Now by
11
Theorem 3.6, each ν◦ is σf(E
′, E)-compact. Then τf is the polar fuzzy topology on a
collection of fuzzy σf (E
′, E)-compact subsets of E ′.
Now, let τf be the polar topology on a collection K of σf (E
′, E)-compact fuzzy sets
in E ′, and x′ be a fuzzy continuous linear operator on E. By Proposition 3.9, we have
κ◦◦(x′) > 0 for some κ ∈ K. But we have κ◦◦ = κ. Then κ(x′) > 0. This shows that
x′ ∈ E ′
Corollary 4.4. Theorem 4.3 shows that there is the finest dual pair linear fuzzy topology
on E. This fuzzy topology is the polar fuzzy topology on the collection of all σf (E,E
′)-
compact subsets of E. We denote this fuzzy topology by τf(E,E
′).
Corollary 4.5. For a dual pair (E,E ′), τf (E,E
′) ⊂ βf(E,E
′).
5 Conclusion
The Mackey-Arens Theorem is one of the important theorems in functional analysis.
This theorem states that any topology of dual pair can be written as a polar topology
and then there is the finest dual pair topology. Theorem 4.3 extends this assertion to
fuzzy structures and shows that we can obtain the finest fuzzy dual pair topology.
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